A GENERAL FORM OF THE WEAK MAXIMUM PRINCIPLE 
AND SOME APPLICATIONS 



GUGLIELMO ALBANESE, LUIS J. ALIAS, AND MARCO RIGOLI 

Abstract. The aim of this paper is to introduce new forms of the weak and 
Omori-Yau maximum principles for linear operators, notably for trace type oper- 
ators, and show their usefulness, for instance, in the context of PDE's and in the 
theory of hypersurfaces. In the final part of the paper we consider a large class of 
non-linear operators and we show that our previous results can be appropriately 
generalized to this case. 



I. Introduction 

A well known result due to Omori [22J and Yau [281 ITU] , from now on the Omori- 
Yau maximum principle, states that on a complete Riemannian manifold (M, ( , )) 
with Ricci tensor bounded from below, for any function u G C 2 (M) with u* = 
sup M w < +00 there exists a sequence {x k } C M with the following properties 

(1.1) a) u(x k ) > u* - j, b) Au(x k )<y, and c) \Vu\(x k ) < \ 

k k k 

for eack k G N. 

In 2002, Pigola, Rigoli and Setti [23] introduced what has been called the weak 
maximum principle with the following definition: we say that the weak maximum 
principle holds on a Riemannian manifold (M, ( , )) if for any function u G C 2 (M) 
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with u* = sup M w < +00 there exists a sequence {x k } C M with the properties a) 
and b) in ffTTTj) . 

This seemingly simple minded definition is in fact deep: it turns out to be equiva- 
lent to the stochastic completeness of the Riemannian manifold (M, ( , )) as shown 
in [21]. This latter concept does not require the manifold to be complete from the 
Riemannian point of view and a simple useful condition to guarantee stochastic 
completeness is given by the Khas'minskh test [18], that is, by the existence of a 
function 7 G C 2 (M) such that 



for some positive constant A > 0. 

Thus, we do not necessarily require any curvature conditions to guarantee the 
applicability of the principle. This observation applies to the Omori-Yau maximum 
principle too, as shown in Theorem 1.9 of [25]. We remark that, very recently, the 
sufficient condition for stochastic completeness given by the Khas'minskh test has 
been shown to be in fact also necessary [2Tj . 

This approach, based on the existence of some auxiliary function satisfying appro- 
priate conditions, has revealed to be of great versatility in geometric applications; 
for instance, in the geometry of submanifolds [2j [TJ [3j El [6] and in the study of soliton 
structures [131 [UJ E3] ■ 

The purpose of this paper is to prove a weak maximum principle (Theorem A), 
an Omori-Yau type maximum principle (Theorem B) and further related results for 
a large class of linear differential operators of geometrical interest. 

From now on (M, ( , )) will denote a connected, Riemannian manifold of dimen- 
sion m > 2. To describe our first result let T be a symmetric positive semi-definite 
(2, 0)-tensor field on M and X a vector field. We set L = Lt,x to denote the 
differential operator acting on u G C 2 (M) by 



(1.2) 



i) j(x) —> +00 

ii) A7 < A7 



outside a compact subset of M 



as x —7- 00, 



(1.3) Lu = div(T(Vw, ) tt ) - (X, Vu) = tr(T o Hess(w)) + div T(Vu) - (X, Vu) 
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where " : T*M — > TM is the musical isomorphism. For instance if T = ( , ) and X 
is a vector field on M for u G C 2 (M) we have 

(1.4) Lu = Aw- (X,Vu) 

and L coincides with the X— Laplacian, denoted by Ax, used in the study of general 
soliton structures, [20] ; in particular if X = V/ then L = Af is the /—Laplacian, ap- 
pearing also as the natural symmetric diffusion operator in the study of the weighted 
Riemannian manifold (M, (,),e~-^dvol), [IB] . On the other hand, if T is as above 
and X = (divT)", then for u G C 2 (M), Lu reduces to 

(1.5) Lu = tr(ToHess(w)) 
and it is a typical trace operator. 

Theorem A. Let (M, ( , )) be a Riemannian manifold and L = L^.x above. Let 
q(x) G C°(M), q(x) > and suppose that 

(1.6) q(x) > outside a compact set. 
Let 7 G C 2 (M) be such that 



(T) 



i) 7(x) — > +oo as x — )■ oo ; 

zz ^ q(x)L r y(x) < B outside a compact set 



for some constant B > 0. If u G C 2 (M) and -u* < +oo, then there exists a sequence 
{xk} C M with the properties 

(1.7) a) u(xk) > u* — — , and b) q(xk)Lu(xk) < — 

fc k 

for each k G N. 

If the conclusion of the theorem holds on (M, ( , )) we shall say that the q— weak 
maximum principle for the operator L holds on (M, ( , ))• If g = 1 we shall say 
that the weak maximum principle for the operator L holds on (M, ( , )). Obviously, 
if the g-weak maximum principle holds for L and < q(x) < q(x), q(x) satisfying 
(jl.6p . then the g-weak maximum principle for the operator L also holds. 
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Note that, if T = p(x)( , ) for some p e C 1 (M), p > on M, and X = 0, then 
q(x)L is (at least on the set where g is positive) a typical (non symmetric) diffusion 
operator. 

We stress that the Riemannian manifold M is not assumed to be (geodesically) 
complete. This matches with the fact that for L = A and q(x) = 1, condition ([£]) 
i), ii) (see also Remark (11. ip ) is exactly the Khas'minskh condition that we have 
mentioned above. 

Remark 1.1. As we shall show below, condition ii) in (jT]) can be substituted, for 
instance, by 

(r) ii)' q(x)Lrj(x) < G(j(x)) outside a compact subset of M 

where G G C 1 (M + ) is non negative and satisfies 

(1.8) i) i^L^+oo); ii) G'(t)>-AQogt + l), 

for t » 1 and some constant A > 0. For instance, the functions G(t) = t, 
G(t) = tlogt, t » 1, G(t) = t log t log log t , t » 1, and so on, satisfy i) and 
(ii) in (LED with A = 0. 

It seems worth to underline the following fact. In [23] the third author, jointly 
with Pigola and Setti, proved that the weak maximum principle for A is equivalent 
to the stochastic completeness of the manifold M via the known characterization 
(see Grigor'yan [15J or [25j) that (M, (, )) is stochastically complete if and only if for 
each A > the only non-negative bounded solution of Au = Xu is u = 0. The work of 
Mari and Valtorta [21] shows that the weak maximum principle implies the existence 
of a function 7 satisfying Khas'minskh criterion (11.21) . This latter classically implies 
stochastic completeness (see [25] for a simple proof using the equivalence mentioned 
above). Theorem A above provides a direct proof of the weak maximum principle 
starting from Kash'minski test. 



The " Omori-Yau" type version of Theorem A is as follows. 
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Theorem B. Let (M, ( , )) be a Riemannian manifold and L as above. Let q(x) G 
C°(M), q(x) > and suppose 

(1.9) q(x) > outside a compact set. 
Let 7 G C 2 {M) be such that 

i) j(x) — > +oo as x —> oo, 
(Xb) \ ii) q(x)Lj < B outside a compact subset of M, 

Hi) |V7| < A outside a compact subset of M 

for some constants A,B > 0. If u G C 2 (M) and u* < +00 then there exists a 
sequence {xk} C M with the properties 

(1.10) a) u(x k ) > u* - -, b) q(x k )Lu(x k ) < y, and c) \Vu(x k )\ < \ 

k k k 

for each k G N. 

Remark 1.2. In this case conditions ii) and iii) in flf #D can be substituted by the 
apparently weaker request 



(r 



B 



ii) ' g(x)L 7 <G( 7 ) 

iii) ' |V 7 |<G( 7 ) 

outside a compact subset of M, where G G C 1 (i?J") is a positive function satisfying 
(HU) i), ii). 

We observe that when (M, ( , )) is a complete, non-compact Riemannian manifold 
a special candidate for 7, in both Theorems A and B, is the distance function r(x) 
from a fixed origin o G M. Of course r(x) is smooth only outside {0} U cut(o), 
where cut(o) is the cut locus of o, but, as we shall show at the end of the proof of 
Theorem B, this problem can be bypassed using an old trick of Calabi [0]. Needless 
to say, the inequalities involving r(x) and the operator L have to be understood 
in the weak-Lip sense. We underline that the arguments we shall give below, via 
a comparison principle, also shows that if 7 G C X (M) satisfies (\T B \j i), iii), and is 
a classical weak solution of ( jr^P ii), then Theorem B is still valid. The same, of 
course, applies to Theorem A and to the regularity of u (but in this latter case with 



(r 



c) 
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the further assumption 1/g G Lj oc (M) and the application of Theorem 5.6 of 
when proving that u* is not attained on M; see the proof of Theorem A"). 

On the other hand, given T and X as above we introduce the operator H = H TX 
acting on C 2 (M) by 

Hu = H TiX u = T(hess(w)-, •) + (divT - X b ) <g> du. 

Observe that Lu = tr (Hu). Then, the above Theorems admit the following general 
versions. 

Theorem A'. Let (M, ( , )) be a Riemannian manifold and H = Ht,x be as above. 
Let q(x) G C°(M), q(x) > and suppose that 

(1.11) q(x) > outside a compact set. 
Let 7 E C 2 (M) be such that 

i) j(x) —> +oo as x — > oo, 

ii) q(x)H r y(x)(v,v) < B\v\ 2 

for some constant B > and for every x G M \ K , for some compact K C M, 
and for every v G T X M . If ' u G C 2 (M) and u* < +oo, then there exists a sequence 
{xk} C M with the properties 

1 1 

(1.12) i) u(xk) > it* — — , and ii) q(xk)Hu(xk)(v,v) < — \v\ 2 

k k 

for each k G N and every v G T Xk M, v ^ 0. 

Theorem B'. Let (M, ( , )) be a Riemannian manifold and H = Ht,x be as above. 
Let q(x) G C°(M), q(x) > and suppose that 

(1.13) q(x) > outside a compact set. 
Let 7 G C 2 (M) be such that 

i) 7(x) — > +oo as x —> oo, 
(Td) { U) q(x)H^(x)(v,v) < B\v\ 2 , 

Hi) \Vj(x)\<A 
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for some constants A,B>0, for every x G M \ K , for some compact K C M, 
and for every v G T X M . If u G C 2 (M) and u* < +00, then there exists a sequence 
{x k } C M with the properties 

(1.14) i) u{x k ) > u* - T , ii) q(x k )Hu(x k )(v,v) < \\v\ 2 , and \Vu(x k )\ < - 

k k k 

for each k G N and every v G T Xk M, v 7^ 0. 

In section |6] below we generalize Theorems A and B to a large class of non-linear 
operators containing, for instance, the p-Laplacian, with p > 1, the mean curvature 
operator and so on. Of course Theorems A' and B' admit similar generalizations 
to the non-linear case for C 2 -solutions. We leave the interested reader to state 
the results and provide her/his own proofs following arguments similar to those of 
Theorems A" and B". 

2. Proof of Theorem A and related results 
In this section we give the proof of Theorems A and of some companion results. 
Proof of Theorem A. We fix 77 > and let 

(2.1) A v = {xeM : u(x) > u* - 77} . 
We claim that 

(2.2) inf {q(x)Lu(x)} < 0. 

A_ri 

Note that (12.21) is equivalent to conclusion (11. 7| of Theorem A. 
We reason by contradiction and we suppose that 

(2.3) q(x)Lu(x) > a > on A v . 

First we observe that u* cannot be attained at any point Xq G M, for otherwise 
£0 € A v , Vm(xo) = 0, and Lu(xo) reduces to Lu(xq) = tr(T o Hess(w))(xo), so that, 
since T is positive semi-definite, q(xo)Lu(xo) < contradicting (12. 3p . 
Next we let 



(2.4) 



Q t = {x G M : 7(2;) > t} , 
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and define 

(2.5) u* = sup u(x). 

Clearly Q£ is closed; we show that it is also compact. In fact, by (JTJ i) there exists 
a compact set K t such that j(x) > t for every x £ K t . In other words, Q° C K t and 
hence it is also compact. In particular, u* t = max Ig Qct((i). 

Since u* is not attained in M and {Q^ } is a nested family exhausting M, we find 
a divergent sequence {tj} C Rq sucn that 

(2.6) w*. w* as j +oo, 

and we can choose T\ > sufficiently large in such a way that 

(2.7) u* Tl > u* - 2. 

Furthermore we can suppose to have chosen 7\ sufficiently large that g(x) > and 
0£]) ii) holds on fi T:L . We choose a such that u* Ti < a < u*. Because of ( 12. 6 p we can 
find j sufficiently large that 

(2.8) T 2 = tj > Ti and u* T2 > a. 
We select Tj > small enough that 

(2.9) a + rj<u* T2 . 
For a G (0, ctq) we define 

(2.10) la {x)=a + a{ 1 -T 1 ). 
We note that 

(2.11) la(x) = a for every x G <9fiii? 
and 

(2.12) q(x)L r y a (x) = aq(x)L r y(x) < oB < a on Q Tl , 

up to have chosen a sufficiently small. 
Since on \ &>t 2 we have 

(2.13) a < la {x) <a + a(T 2 - 71) 
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we can choose a G (0, (To) sufficiently small, so that 

(2.14) a(T 2 -T!)<^ 
and then 

(2.15) a < 7 CT (x) < a + rj on Q Tl \ fl T2 . 
For any such a, we have on dQ^ 

(2.16) = a > u* Ti > u(x), 
so that 

(2.17) {u-^ a ){x) < onffi Tl . 
Furthermore, if x G Vt^ \ flr 2 is sucn that 

u(x) = > a + rj 

then 

(u - 7 CT ) (x) > u* T2 - a - a(T 2 - T x ) > u* T , 2 - a - rj > 
by (ESD and (l2~14l) . Finally, £□ i) and the fact that u* < +oo imply 

(2.18) (w-7 CT )(x)<0 onfi Ts 
for T3 > T2 sufficiently large. Therefore, 

m = sup (w — 7o-)( x ) > 0) 

and it is in fact a positive maximum attained at a certain point 2:0 hi the compact 
set Qt ± \ ^t 3 - In particular, V(w — 7 ct )(zq) = and L(w — 7cr)(^o) reduces to 
tr(T o Hess(u — •y a ))(z ). Therefore, since T is positive semi-definite we have that 
Lu(z ) < L^ a {z ). 

By (12.171) we know that 7(^0) > T±. Therefore, at zq we have 

(2.19) u(z ) = j a (z ) + m> j a (zo) > a > u* Ti > u* - -, 

and hence z G A v nf^. In particular q(z ) > and ([£]) ii) holds at z . From (12. 3p 
we have 

(2.20) < a < q{z )Lu{z ) < q(z )L-f a {z ) <oB < a , 



(T) 
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which is a contradiction. □ 

We observe that we can relax the assumption in Theorem A on the boundedness 
of the function u from above to a control of u at infinity via the function 7. This is 
the content of the next result. 

Theorem A. Let (M, ( , )) be a Riemannian manifold and L = Lt,x be as above. 
Let q(x) G C°(M), q(x) > and suppose that 

(2.21) q(x) > outside a compact set. 
Let 7 e C 2 (M) be such that 

i) 7(x) +00 as x —>• oo ; 

ii) q[x)L r y{x) < B outside a compact set 

for some constant B > 0. If u € C 2 (M) and 

(2.22) u(x) = 0(7(2;)) as x — > oo ; 
then for each fi such that 

A fl = {x G M : u(x) > fj,} ^ 

we have 

inf{q(x)Lu(x)} < 0. 

Proof. Of course we consider here the case u* = +00. We reason by contradiction 
as in the proof of Theorem A and we suppose the validity of (12. 3p on A^. Proceed 
as in the above proof (obviously in this case u* is not attained on M) to arrive to 
( 12. 6j) that now takes the form 

(2.23) u*. — > +00 as j — > 00, 

and choose T\ > sufficiently large in such a way that (12.71) becomes now 

(2.24) u* Ti > 2/i. 
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Furthermore we can suppose to have chosen T\ sufficiently large that q(x) > and 
(jTj) ii) holds on • We choose a such that a > «5\ • Because of (12.231) we can find 
j sufficiently large that 

(2.25) T 2 = tj > Ti and u* T2 > a. 

Proceed now up to (12.181) which is now true on Qt 3 for T3 sufficiently large since 

u 

{u-la){x) = 7<r( l)(aO, 

expression which becomes negative on £It 3 , for ^3 sufficiently large, because of con- 
dition (jgjggp . 

The rest of the proof is as in that of Theorem A. □ 

We now show the validity of Remark 11.11 Thus we assume (JT|) ii)' with G as in 
(Q]l . We set 

ds 

(2.26) cp(t) 



to G(s) + A slogs 

on [to, +00) for some t > 0. Note that, by (II. 8p i), ip(t) — > +00 as £ — >■ +00. Thus, 
defining 7 = ^(7), (jTJ) i) implies that 

(2.27) 7(x) — > +00 as x — »■ 00. 

Next, using that 

L(y>(u)) = y/(u)Lu + ^"(u)T(Vu, Vu), 

a computation gives 

q(x)L r y(x) 



(I(A ' )L ~ AJ:) - G( 7 (x)) + A7(x)log 7 (a;) 

G / (7W) + ^(l + fog7(^)) , ...... , , ^ , v 

-2g(x)T(V7(x), V7(x)) 



(G( 7 (x)) + A7(x)log7(x)) z 

outside a sufficiently large compact set. Since T(Vj, V7) > 0, q(x) > and (11.81) 
ii) holds, we deduce 

q(x)L r y(x) 



(2.28) q{x)L%x) < 



G(j(x)) + Aj(x) log 7(2;) 
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if 7(2;) is sufficiently large. Thus, from (JT]) ii)' and G > we finally obtain 

(2.29) q(x)Lj(x) < B 

outside a compact set. Then (I2.27P and (I2.29P show the validity of (JT]) i), ii) for the 
function 7. 

This finishes the proof of Remark ll. 11 Regarding Theorem A, if we substitute (IT]) 
ii) with ([£]) ii) 1 , G satisfying (11. 8p . then condition (12.221) has to be substituted by 

I P (x) ds \ 

(2.30) u(x) = o \ — — — as x -> 00. 

\Jo G(s) + As\ogsJ 

Thus for instance if G(t) = t, so that we can choose A = 0, (jTJ) ii)' is q(x)Lj(x) < 
7(x) but (12.301) becomes u(x) = o(log7(x)) as x — > 00, showing a balancing effect 
between the two conditions. 

Proof of Theorem A '. For the proof of Theorem A' we proceed as in the proof of 
Theorem A letting 

(2.31) A v = {x E M : u(x) > u* - 77}. 
We claim that for every e > there exists x G A v such that 

q(x)Hu(x)(v,v) < e 

for each v G T X M with \v\ = 1. By contradiction, suppose that there exists o"o > 
such that, for every x G A7 there exists w G T X M, \v\ = 1, such that 

(2.32) q(x)Hu(x)(v,v) >a . 

Now we follow the argument of the proof of Theorem A up to equation (12.121) . which 
is now substituted by 

(2.33) q(x)H r y a (x)(v,v) = aq(x)Hj(x)(v,v) < aB < o~ on Q Tl , 

up to have chosen a sufficiently small. We then proceed up to the existence of a 
certain point zq in the compact set Qti \ ^r 3 where the function u — j a attains its 
positive maximum. In particular, V(w — 7,7) (zo) = and H{u — j a )(zo) reduces to 

H(u - j a )(z )(v,v) = T(hess(w - j a )(z )v,v) for every v G T Zo M. 
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Therefore, since T is positive semi-definite we have 



Hu(z )(v,v) < H"/ a (z ){v,v) 



for every v G T ZQ M. 

As in the proof of Theorem A, we have that z G A, q fl ■ in particular q(zo) > 
and ((£]) ii)' holds at zq. On the other hand, from (I2.32j) we have 



3. Proof of Theorem B and some related results 
We follow the notation of the previous section to give the proof of Theorem B. 

Proof of Theorem B. We first observe that, although it is not required in the state- 
ment, the two assumptions (\Tb\> i) an d Hi) imply that the manifold M is geodesically 
complete. To see this, let q : [0, £) — > M be any divergent path parametrized by 
arc-length. Here by divergent path we mean a path that eventually lies outside any 
compact subset of M. From (\Tb\) Hi) we have that |V7| < A outside a compact 
subset K of M. We set h(t) = 7(^(t)) on [to,£), where to has been chosen so that 
q(t) ^ K for all t < t < £. Then, for every t e [to, i) we have 



Since q is divergent, then q(t) — > 00 as t — > £~ , so that h(t) — > +00 as t — > £~ 
because of assumption Qu^l ) i). Therefore, letting t — > £~ in the inequality above, 
we conclude that £ = +00. This shows that divergent paths in M have infinite 
length. In other words, the metric on M is complete. 

As in the proof of Theorem A we fix rj > but, instead of the set A v of (12.11) . we 
now consider the set 

(3.1) B n = {x E M : u(x) > u* - r] and \Vu{x)\ < r]} . 



(2.34) 



< <jq < q(z )Hu(z )(v,v) < q(z )Hj a (z ){v,v) <oB < a , 



which is a contradiction. 



□ 
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Since the manifold is complete, by applying Ekeland quasi-minimum principle (see 
for instance [11]) we deduce that B v ^ 0. We claim that 

(3.2) inf {q(x)Lu(x)} < 0. 



Note that (I3.2p is equivalent to conclusion f ll.lOp of Theorem B. We reason by 
contradiction and suppose that 

(3.3) q(x)Lu(x) > <tq > on B^. 

Now the proof follow the pattern of that of Theorem A with the choice of Ti, such 
that also (JT]) in) holds on Qti- We observe that in this case 

(3.4) 1<t( x ) — a f° r every x G dfl^, 

(3.5) q(x)L r y a .(x) = aq(x)Lj(x) < aB < a on fl Tl , 
and 

(3.6) |V 7ct (x)| =<x|V7(x)| <aA< V on Tl , 

up to have chosen a sufficiently small. 

Therefore, we find a point zq G \ f2^ 3 where u — 7 CT attains a positive absolute 
maximum m. As in the proof of Theorem A, zq G Qti an d at Zq we have 

(3.7) u{zq) > 7<t(^o) > oc > u* Ti > u* - ~ > u* - rj; 
furthermore 

(3.8) |VitCso)| = |V 7( r(2f )| = <t\Vj(zo)\ <aA<r), 

by our choice of a. Thus z G B v fl fi^ an d a contradiction is achieved as at the 
end of the proof of Theorem A. □ 

We note that the validity of Remark ll.2l is immediate. Indeed defining 7 = ^(7) as 
in the previous subsection, conditions QI^D i), ii) are satisfied for 7; as for condition 
< \T B \ ) Hi), using < \T B \) Hi)' and G > 0, we have 



(39) I7~l- |V71 < G(7) <1 

l ' J 1 71 G(7) + A 7 log7 " C7(7) + v4 7 log7 " 



outside a compact set. Thus, we also have the validity of (\T B \j Hi) for 7. 
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Remark 3.1. As mentioned in the Introduction, if (M, ( , )) is a complete, non- 
compact Riemannian manifold then a natural candidate for 7(2;) is r(x). However, 
r(x) is not C 2 in C = {0} U cut(o) and assumptions (JT]) ii) (in Theorem A) and 
(ir^D ii) and Hi) (in Theorem B) have to be understood and assumed in the weak 
sense. Nevertheless the proof of Theorem A (and that of Theorem B) still works 
in this case, adding in both the assumption 1/q e L} oc (M) (see section [6] for more 
details). Indeed, the only problem is at the end of the proof if the point zq where 
11 7(j attains its positive absolute maximum m > is in C. However, u — 7 CT is now 
given by / = u — a — cr(r — Ti) and to avoid the problem we use a trick of Calabi 
as follows [9J. Take any point z where the function / attains its positive absolute 
maximum. In case z C then 

|Vu(z)| = c|Vr(z)| = cr < t]. 

Otherwise, if z G C, let q be a minimizing geodesic, parametrized by arclenght, 
joining o to z. For e > suitably small let o e = q(e) and r s (x) = distM(^, o £ ). Thus 
z ^ cut(o e ) and r e (x) is smooth around z. Consider the function 

(3.10) f^u-a-aire + e-Tj). 
Using the triangle inequality we have 

(3.11) fe(x) - f(x) = a(r(x) - r £ (x) - e) < 
in a neighborhood of z. But on ^| r e , r ( z )], f e = f since 

r(s(t)) = dist M (o, o £ ) + dist M (o e , <;{t)) = r e (x) + e. 

Therefore z is also a local maximum for f £ which is C 2 in a neighborhood of z. Thus, 

at z 

(3.12) \Vu{z)\ = a\Vr £ (z)\ = a < 7] 

up to have chosen a sufficiently small. 

To complete the proof of Theorem A in this case we proceed as follows. We let 



(3.13) 



K = {x e Q Tl ■ (u- = f(x) = m} , 
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where now Q t = {x £ M : r(x) > t}. For very x G K we have 

u(x) = a + a(r(x) — T\) + m > a > u* — ^, 

so that if C Aj. Fix zq G if and choose < /i < m sufficiently near to m so that 
the connected component A ZQ of the set 

(3.14) {xen Tl : (u- la )(x) >//)} 

containing z is contained in A^. Note that A 2Q is bounded by (12.181) . From (12.31) 
and (I2.12p . we have 

(3.15) Lu(x) > > LjJx) 

q(x) 

on A v fl in the weak sense. Moreover, u = 7^ + \x on the boundary of A zo . 
Applying Theorem 5.3 of [27] (the request v < 5 is vacuous in our case) we deduce 
that u < 7 CT + fi on A Z[) . But z G A Zo and from the above we have m < fi, 
contradiction. 

As for completing the proof of Theorem B, we follow the same reasoning replacing 
A r] by B T] . For doing it, simple observe that K C B r] by (13.121) . 

We omit the details of the proof of Theorem B', which follows similarly from the 
proof of Theorem B. 

A typical application of Theorem B is the following " a priori" estimate. Note that 
condition ( I3.19P below coincides (for / = F) with the Keller-Osserman condition for 
the Laplace-Beltrami operator (see [TTJ) showing that in this type of results what 
really matters is the structure, in this case linear, of the differential operator. 

Theorem 3.2. Assume on (M, ( , )) the validity of the q-maximum principle for 
the operator L = Lt,x and suppose that 

(3.16) q(x)T(;.)<C(;-) 

for some C > 0. Let u G C 2 (M) be a solution of the differential inequality 



(3.17) 



q(x)Lu > <f(u, |Vw|) 
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with <p(t,y) continuous in t, C 2 in y and such that 

(3.18) §F^)^°- 
Set f(t) = ip(t,0). Then a sufficient condition to guarantee that 

u* = sup u < +00 

M 

is the existence of a continuous function F positive on [a, +00) for some a G M., 
satisfying the following 

-1/2 

(3.19) 



Qf F(s)ds^ G L\+oo) 



, s f t F(s)ds 
(3.20) limsup Ja , ; < +00, 



t—t+oo 



tF(t) 



(3.21) liminf|^->0 



and 



>+oo F(t) 



(3.22) liminf U ^ ) > 

Furthermore, in this case, we have 

(3.23) /(«*) < 0, 

Proof. Following the proof of Theorem 1.31 in [25J we choose g G C 2 (W) to be 
increasing from 1 to 2 on (— 00, a + 1) and defined by 

*/(*)=/ TT7I + 2 on [a + l,+oo). 



a+i (/ a S F(r)rfr) 



Observe that 



(3-24) g\t) = — 1 - 1/2 and = -^g'{tf < 
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on (a + 1, +00). We reason by contradiction and assume that u* = +00. Since g is 
increasing, 

• f 1 1 1 

ml — — = — - — - = — > 0. 

M g(u) g(u*) g{+oo) 
By applying the q- maximum principle for Ltol/g, there exists a sequence {x k } C M 
such that 

1 1 



(3.25) lim 

fc^+oo g(u(x k )) g{+oo) 

or equivalent ly 

(3.26) lim u(x k ) = +00, 

k— ¥+00 



(3-27) iV-^fol = ^p^ 2 \Vu(x k )\ < \ 

g[u) g[u[x k )Y k 

and finally 

-\<q{x k )L{^){x k ) = q(x k ) {-^^Lu(x k )+ 



(3.28) + 



g{u{x k )Y g(u(x k )Y J 



Because of ( 13.261) . we can suppose that the sequence {x k } satsifies u(x k ) > a + 1, so 
that (I3.24p holds along the sequence u(x k ). Multiplying (13.281) by 

9'{u{x k )) 2 Q 
-g(u(x k )) 2 g"(u(x k )) 

and using (I3.17p . we obtain 

9'Hxk)) 3 , ( > , , s,s 1 g'(u(x k )) 2 

^ W (x fc ))^|^( W (x fe ))|^ WXfeJ ' |VWIJ " kg(u(x k )) 2 \g"(u(x k ))\ + 

(3.29) 

/ 2g\u{x k )Y g'{u{x k )) 2 \ 
+ ( ( \\5\ 7F( ( \ \ 1 + 1 ( \\i q{xk)T{Vu{x k ),Vu{x k )). 
\g{u{x k )Y\g"(u{x k ))\ g(u{x k )p J 

Since g > 1, then 1/g 2 < 1/g and 



^(^(Xfc)) 2 ^"^^))! p(M(Xfc))|^"(u(x fc ))| 



A GENERAL FORM OF THE WEAK MAXIMUM PRINCIPLE 19 

On the other hand, by ( 13. 161) we also have 

q{x k )T{Vu{x k ), Vu(x fc )) < C\Wu(x k )\ 2 . 
Using these two facts in (13. 29 p . jointly with (I3.27p . yields 

g'Hx k )f g'{u{x k )f (i 2C\ c 

g{u{x k )Y\g'\u{x k ))r U{Xkh 1 V WU " sK* fc ))ls"H^))l U * 2 / fc2 ' 
Next, we use Taylor formula with respect to ?/ centered at (w(xfc),0) and (13.181) to 
have 



(9 

<f(u(x k ), \Vu(x k )\) > f(u(x h )) + — (u{x k ),0)\Vu{x k )\. 

dy 



so that 



1 • ) g(u(x k ))*\g"(u(x k ))\ + fc " g(u(x k ))\g"(u(x k ))\ U F / fc 2 



where 



a ■ fn ld( ^{ ( \ n\ 9'{u{x k )) 2 \ 

A " = mm 1°- W 4 ))v(«(* 4) )i} ■ 

In what follows, we always assume that i is taken sufficiently large. Observe that 



we have 



9' it? _ 2 (J t a F(s)dsy/ 2 _ 2 £F( 8 )cfa 



<?W(*)I <?(*W) ^ g(t)(£F(s)ds)WF(t) 

and 

i — a — 1 

so that 

g'itf l t F{s)ds 

< c Ja \ t > 1, 



g(t)\g"(t)\ ~ tF(t) 
for some positive constant c. Therefore, using (I3.20p we deduce 

g'(u(x k )) 2 

and then 

(3 - 31) l z^^m^m\\k + ^) + T^°- 

On the other hand, 

g'itf f{t) _ 2f(t) > f(t) 



g(ty\g»(t)\ g{tYF{t)- F{t) 
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for some c > 0, since sup M g < +00 by (I3.19p . Therefore, using (I3.2ip we have 

(3.32) hminf > 

k -+ +oc g{u{x k )) A \g"{u{x k ))\ 

Finally, observe that 

*P (t m 9'it? = J_(d<P, t n Mlns)ds)^ 
dy {7 } g(ty\9"(t)\ 9(t) 2 \dy { ' ' F(t) 

whence, using sup M g < +00 and (j3.22p . we get 

t->+oc \dy K > g{ty\g"{t)\) 

Thus, 

(3.33) liminfA fc = 0. 

k— >+oo 

Therefore, taking k — > +00 in (13.30!) an d using (I3.3ip . (I3.32p and (I3.33P we obtain 
the desired contradiction. 

As for the conclusion /(«*) < 0, we note that if if were continuous in both 
variables, then to reach the desired conclusion it would be enough to apply the q- 
maximum principle to u to get a sequence {yk\ with Yanu{y k ) = u*, lim \Vu(yk) \ = 
and 

- > q{y k )Lu(y k ) > <p{u{y k ), \Vu{y k )\). 
k 

Thus, taking the limit as k — > +00 we would get f(u*) < 0. On the other hand, 
in our more general assumptions, we can argue in the following way. We re-define 
the function g(t) at the very beginning of the proof in such a way that it changes 
concavity only once at the point T = min{w*, a} — 1. We emphasize that with this 
choice g" < on (T, +00). We now proceed as in the proof of the first part of the 
Theorem, applying the g-maximum principle to the function l/g(u), and get the 
existence of a sequence {x k } as before, with g"(u(x k )) < if k is sufficiently large. 
That is all we need to arrive at (I3.30p . Taking the limit in this latter for k — > +00 
and using \im k ^ +OQ u(x k ) = u* < +00, we conclude that f(u*) < 0. □ 
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4. An application to hypersurfaces into non-degenerate Euclidean 

cones 

We begin with a general observation. Consider (M, ( , )) a complete, non-compact 
Riemannian manifold, let o G M be a reference point, denote by r(x) the Riemannian 
distance from o, and let D = M \ cut(o) be the domain of the normal geodesic 
coordinates centered at o. Assume that 

^rad > ~G(r) 2 , 

where K raA denotes the radial sectional curvature of M, and G G C 1 (1Rq ) satisfy 

(4.1) i) G(0) > 0, ii) G\t) > 0, and hi) - £ L\+oo) 

Using the general Hessian comparison theorem of [26J one has 

q'(r) 

(4.2) Hess(r) < ^ff((,) - dr ® dr) 

9{r> 



on D Q , where g(t) is the (positive on M + ) solution of the Cauchy problem 
(4.3) 



g"(t) - G(t) 2 g(t) = 0, 
^(0) = 0, <7'(0) = 1. 



Now let 

(4.4) ^(i) = _|_( e J?oW*_ 
Then ^(0) = 0, if/(0) = 1 and 

(4.5) r(t) ~ G{tfm = (G(t) 2 + G'(t) eti G ^ > 0, 
that is, ip is a subsolution of (14. 3p . By Sturm comparison theorem 

(4.6) CG ^ 

where the last inequality holds for a constant C > and t sufficiently large. Hence, 
from (14. 2 p and for r sufficiently large 

(4.7) Hess(r) < CG(r){ , ). 
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Thus, given the symmetric positive semi-definite (2, 0)-tensor T we have 

(4.8) Lr = tr(T o Hess(r)) < C(trT)G(r) for r » 1. 

Assume that tr T > (equivalently, T^O) outside a compact set of M. Then 

(4.9) ^Lr < CG(r) 

on D a and for r sufficiently large. Since |Vr| = 1, if cut(o) = request < \T B § 
of Theorem B is satisfied; otherwise we have to prove the validity of ( 14.9[) weakly 
outside a sufficiently large ball B R . Since 

Lu = tr(T o Hess(u)) = div(T(Vw, ) s ) - divT(Vu), 

we have to show that, for every if) G Cq°(M \ Br), if) > 0, 



(T( Vr, W) + div T(Vr)^)) < C / _ ti TG(r)i(>, 

AI\B R Jm\B r 

and this can be obtained as in the proof of Lemma 4.1 in [27] under the assumption 
that 

(4.10) T(Vr, z/)>0 in ft, 

for an exhaustion of M \ cut(o) with smooth bounded domains Q, star-shaped with 
respect to o, where v denotes the outwards normal along dQ. We have thus proved 
the validity of the following 

Proposition 4.1. Let (M, ( , )) be a complete, non-compact Riemannian manifold 
whose radial sectional curvature satisfies 

(4.11) K iad > -G(r) 2 

with G G C 1 (M + ) as in jjj4-l\ )- Let T be a symmetric, positive semi-definite, (2,0)- 
tens or field such thatT ^ outside a compact set of M. Assume that either cut(o) = 
or otherwise that ( [^ . 1 0\ ) holds. Then the q-Omori-Yau maximum principle holds 
on M for the operator L = tr(T o Hess) with q = 1/trT. 

Now we shall apply Proposition 14.11 when T is the k-th Newton tensor of an 
isometrically immersed oriented hypersurface into the Euclidean space for which, 
from now and till the end of this section, we assume the validity of cut(o) = 
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or otherwise that of 1 14. 10p . Note that for T = I 1 14. 10p is automatically satisfied. 
Thus, let ip : M m -> R m+1 denote such an immersion of a connected, m-dimensional 
Riemannian manifold and assume that it is oriented by a globally defined normal 
unit vector N. Let A denote the second fundamental form of the immersion with 
respect to N. Then, the fc-mean curvatures of the hypersurface are given by 

k) ^ 

where Sq = 1 and, for k = 1, ... ,m, Sk is the k-th elementary symmetric function 
of the principal curvatures of the hypersurface. In particular, H\ = H is the mean 
curvature, H m is the Gauss-Kronecker curvature and H 2 is, up to a constant, the 
scalar curvature of M. 

The Newton tensors Pk '■ TM — > TM associated to the immersion are defined 
inductively by Pq = I and 

P k = S k I - APk-u 1 < k < m. 

Note, for further use, that 

TrP fe = (m - k)S k = c k H k and TrAP fc = (k + l)S k +i = c k H k +i, 

where 

Associated to each globally defined Newton tensor P k : TM — > TM, we may consider 
the second order differential operator Lk : C 2 (M) — > C(M) given by 

L k = Tr(P fc o Hess) = div(P fc (Vu, ) s ) - (divP fc , Vu), 

where divP^ = TrVP^. In particular, Lq is the Laplace-Beltrami operator A. Ob- 
serve that Lk is semi-elliptic (respectively, elliptic) if and only if P& is positive 
semi-definite (respectively, positive definite). 

Remark 4.2. In this respect, it is worth pointing out that the ellipticity of the 
operator L\ is guaranteed by the assumption H 2 > 0. Indeed, if this happens 
the mean curvature does not vanish on M, because of the basic inequality Hf > 
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if 2- Therefore, we can choose the normal unit vector iV on M so that Hi > 0. 
Furthermore 

m 

m 2 Hl = s ^n 2 j + m(m - 1)H 2 > k] 

3=1 

for every i — 1, . . . , m, and then the eigenvalues of Pi satisfy /i^i = mHi — Ki > 
for every i (see, for instance, Lemma 3.10 in [32] )■ This shows ellipticity of L\. 
Regarding the operator Lj when j > 2, a natural hypothesis to guarantee ellipticity 
is the existence an elliptic point in M, that is, a point x G M at which the second 
fundamental form A is positive definite (with respect to the appropriate orientation). 
In fact, it follows from the proof of [51 Proposition 3.2] that if M has an elliptic point 
and Hk+i ^ on M, then each Lj, 1 < j < k is elliptic. 

Fix an origin o G IR m+1 and a unit vector a G § m . For G (0, 7r/2), we denote by 
C = C ,a.e the non-degenerate cone with vertex o, direction a and width 9, that is, 

C = C , a , e = {pe M m+1 \{o} : (f^v,a) > cos^}. 

By non-degenerate we mean that it is strictly smaller than a half-space. We consider 
here isometrically immersed hypersurfaces tp : M m — y R m+1 with images inside a 
non-degenerate cone of M m+1 and, as an application of Proposition ETT1 and motivated 
by the results in [19], we provide a lower bound for the width of the cone in terms 
of higher order mean curvatures of the hypersurface. Specifically, we obtain the 
following result. 

Theorem 4.3. Let cp : M m — > IR m+1 be an oriented isometric immersion of a 
complete non-compact Riemannian manifold M m whose radial sectional curvatures 
satisfy 

K iad > -G(rf 

with G G C 1 (M + ) as in J^.i| ). Assume that is positive semi-definite and H^ does 
not vanish on M, and the validity of cut(o) = or otherwise that of ^.10j) . If 
<p(M) is contained into a non- degenerate cone C = C 0t a t e as above with vertex at 
o G R m+1 \ip(M), then 
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where Aq = fa 0.186, II a denote the hyperplane orthogonal to a passing through 
o and d(U a ,(p(M)) is the Euclidean distance between this hyperplane and (f(M). 

Proof. To proving the theorem we shall follow the ideas and make use of some 
computations performed in the proof of Theorem 1.4 in [19] . We may assume without 
loss of generality that the vertex of the cone is the origin £ M m+1 , so that there 
exists a £ S m and < 6 < n/2 such that 

(4.13) { V^ a )> cos9 

\<p{x)\ 

for every x £ M. Observe that 

d{UaMM))= mf >(z),a). 

We reason by contradiction and assume that f !4.12j) does not hold. Therefore, there 
exists x £ M such that 

(tp(xo), a) sup ( ■ ) < A cos 2 9 

\ H k J 

for a positive constant A < Aq. For the ease of notation we set a = (ip(xo), a) > 0, 
let (3 £ (0, 1) and define the function 



u(x) = \/ a 2 + (3 2 cos 2 d\(f{x)\ 2 — (<p(x),a) 
for every x £ M. Note that, by construction, u(xq) > 0. We claim that 

u(x) < a 

for every x £ M. Indeed, an algebraic manipulation shows that this is equivalent to 

(<^{x),a) 2 + 2a((p(x),a) - (3 2 cos 2 6\p{x)\ 2 > 0, 
which holds true by (14.131) since 

(<^{x),a) 2 +2a((p(x),a) - f3 2 cos 2 6\ V {x)\ 2 > (cp(x) , a) 2 — cos 2 6\(p(x)\ 2 > 0. 
Next, we consider the closed non-empty set 

H = {x £ M : u(x) > u(x )}. 
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For every x G Qq and using (14.131) one has 

\/a 2 + /3 2 cos 2 6> | <£>(£) | 2 > u(x ) + ((p(x), a) > u(x ) + cos6'|^(a:)| > 0. 

Squaring this inequality yields 

(1 - f3 2 ) cos 2 %(x)| 2 + 2u{x ) cos %(x) | + u(x ) 2 - a 2 < 

for every x G f2o- The left half side of the above inequality is a quadratic polynomial 
in with two distinct roots ct_ < < a + given by 



±y/^(x ) 2 + (1 - f3 2 )a 2 - u{x ) 
a± ~ (l-/3 2 )cosfl 

Therefore, for every x G n it holds that 



n .... v //3%(x ) 2 + (l-/3 2 ) a 2 - M ( 3 ;o) 
° < " a+ = (l-/3 2 )cosfl ' 



Using the elementary inequality \/i + t 2 < 1 + t for £ > 0, we have 



a + = (i - W) cos g v /32 " (xo)2 + i klS^ 1 ~ u(Xo) 



(1 -/3 2 )cos^\/ P 2 u(x ) 2 (l-/3 2 )cos# 

< Pu(xq) ( a/1 - /3 2 a \ _ tt(g ) 

- (l-/3 2 )cos0 1 /3u(x ) J (l-/3 2 )cos0 

a u(xq) 



a/W^cos^ (l + /3)cos# 



< 



a/1 -/3 2 cosfl' 



Therefore, 



(4.14) |^(x)| < -=4= on flo. 

\J\ — p 2, cos 

To compute L^m = tr(P& o Hessw) when Pk is the k-th Newton tensor, we first 
observe that 

/., ,-\ r-, t /3 2 cos 2 6' T 

(4.15) V« = -a T + y? T , 

A/a 2 + fi 2 cos 2 6*|v?| 2 
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where, as usual, T denotes tangential component along the immersion if. That is, 

a = a T + (a, N)N and <p = <f T + (<p, N)N. 

Using that 



Via T = (a,N)AX 



and 



Vx/ = X+ (<p,N)AX 
for every X G TM, we get from (I4.15P that 

(5 2 cos 2 9 



V 2 u(X,Y) = (V x Vu,Y} 



(4.16) 



V a 2 + f3 2 cos 2 %| 2 
/3 2 cos 2 



+ ( 



V« 2 + /3 2 cos 2 %| 2 
-/3 4 cos 4 



(a 2 + /3 2 cos 2 %| 2 ) 3 / 2 



(x,^ t >(y> t >, 



for every X, Y G TM. Hence, 

m 

(4.17) T fcM = ^V 2 M (e i ,Pe J 



i=i 



- a, iV) tr(A o? t ) + l tr(P fe ) 
M I VI 



(4.18) 
where 

That is, 



e 



i 



M 2 v/« 2 + /3 2 cos 2 6*1^1' 
P 2 cos 2 %(x)| 



^/a 2 + (3 2 cos 2 %(o;)| 2 ' 



£ £ £ 2 1 

(4.19) TfeU = ct.(i — rip — a,N)Hk+i + Ck-, — ;Hu — - — — — : 

1 ' Vl M M 2 V« 2 + /3 2 cos 2 %| 2 

Observe that, by (14T3D . 



(P k (f T ,(f T ) 



(4.20) 



I vl 



e - 2£%^ + 1 < e - 2 cos 6t + 1 < 1 , 
I Vl 



since < £(x) < cos 9 for every x G M. On the other hand, since P& is positive 
semi-definite we have 



(4.21) 



< (P k <p T , < tr(Pfc)^ 1 | 2 < c k H k \ip\ 2 . 
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Since, by our hypothesis, H k > on M, we obtain from here that 

i \H k+1 \ e e 

-L k U > — h r-r 



c k H k H k \ifi\ ^/a 2 + [3 2 cos 2 9\<p\ 2 

(aoo\ >> l^+il a 2 /3 2 cos 2 # 
(4.22) > — sup — — h 



H k (a 2 + /3 2 cos 2 %| 2 ) 3 / 2 

on M. Recall that, from our choice of xq, we have 

\H k+ i\ ^ .cos 2 9 

sup < A 

H k a 

for a positive constant A < Aq = Jr^|- On the other hand, by (I4.14p we also have 
(4.23) M 2 < 



on Q . This yields 



1 -/3 2 )cos 2 fl 



a 2 B 2 cos 2 9 cos 2 9~. n -)^i-> 
> /3 2 (1 - /3 2 ) 3/2 



(a 2 + (5 2 cos 2 %| 2 ) 3 / 2 ~ a 



on fi - Choose /3 = Then, /3 2 (1 - (5 2 f/ 2 = A and 



1 cos 2 9 — 
(4.24) L k u > (A Q - A) > on Q . 

c k H k a 

There are now two possibilities: 

i) Xo is an absolute maximum for u on M. Then, L k u(xo) < 0, contradicting 

(H2U). 

ii) O = {i G M : > m(x )} 7^ 0. In this case, since u(x) is bounded 
above on M it is enough to evaluate inequality ( I4.24p along a sequence {x k } 
realizing the l/c k H k -weak maximum principle for the operator L k on M. 
This latter holds because of Proposition 14.11 and the assumptions of the 
theorem. We thus have u(x k ) > u* — 1/k and therefore x k G Qq for k 
sufficiently large and 

cos 2 9 , „ „. 1 r , . 1 

< {Aq — A) < ——L k u{x k ) < -. 

a c k H k k 

By taking lim^oo in this inequality we get a contradiction. 
This completes the proof of the theorem. □ 
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Corollary 4.4. Let tp : M m — > M. m+1 be an oriented isometric immersion of a 
complete non-compact Riemannian manifold M m whose radial sectional curvatures 
satisfy 

K iad > -G{r) 2 

with G G C 1 (M + ) as in ( |^.i| ). Assume that Pk is positive semi- definite, and the 
validity of cut(o) = or otherwise that of fl^.lOp . If <p{M) is contained into a 
non- degenerate cone C = C 0)CL ,e as above with vertex at o E IR m+1 \<£>(M), then 

cos 2 6 

(4.25) 8up | ft+1 |>^___ infft , 

where A$ = ~ 0.186, II a denote the hyperplane orthogonal to a passing through 
o and d(U a ,(p(M)) is the Euclidean distance between this hyperplane and ip(M). 

For the proof of Corollary 14.41 observe that (14.251) holds trivially if inf^ Hk = 0. If 
infM Hk > 0, then Hk > everywhere and the result follows directly from Theorem 
14.31 since the estimate (I4.25P is weaker than (I4.12p . 



On the other hand, in the case of k = 1 we can slightly improve our Theorem I4.3[ 
both regarding the condition on the ellipticity of P\ and the value of the constant 
A in (I4.12p . Specifically we prove the following. 

Corollary 4.5. Let cp : M m — > IR m+1 be an oriented isometric immersion of a 
complete non-compact Riemannian manifold M m whose radial sectional curvatures 
satisfy 

K iad > -G(rf 

with G G C 1 (IR + ) as in ( [^.i| ). Assume the validity of cut(o) = or otherwise 
that of h4-10\ )- If Hi > (equivalently, the scalar curvature of M is positive) and 
<p(M) is contained into a non- degenerate cone C = C OAt g as above with vertex at 
o G R m+1 \ip(M), then 

(4.26) sup > sup f^f] > B, n ' ° S ~ 19 



Hj ~ m d(Yl a) ip(M)Y 



where B 2 = B 3 = A = » 0.186, and 



3 



B m = max \ Q Q 2 {1 q 

o<e<i V m 
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for m > 4. 

We emphasize that B m > Aq and B m ~ 2/(3v3) ~ 0.385 when m goes to infinity. 

Proof. According to Remark |4.2[ the assumption H 2 > and m 2 Hf — \A\ 2 = m(m — 
l)H 2 > guarantee that Pi is positive definite for an appropriate choice of the unit 
normal N, so that H\ > and mPi — \A\ > on M. 
By Cauchy-Schwarz inequality, 

5? -h 2 = — - — - ( y 4 - - (y m m > 0. 

1 m(m - 1) I ^ m I 1 J 

This immediately yields H2/H1 < \JTi 2 and gives the first inequality in (I4.26P . 

As for the second inequality in (14 .261) , arguing as in the proof of Theorem 14.31 we 
reason by contradiction and assume that there exists a point x G M such that 

(4.27) a sup ] < A cos 8 



Lm > - Cl H 2 + dyVfi - ri? ; o ^ =w^( p iy T > <^ T >- 



#1. 

for a positive constant A < P m , where a = (y?(a;o), a). We then follow the proof of 
Theorem 14.31 until we reach (14.191) . which jointly with (I4.20p yields 

f\ 1 \<p\ 2 ^/a 2 + (3 2 cos 2 %| 2 

The idea to improve the value of the constant A in (14.121) is to improve the estimate 
( 14.211) in the following way. Using that Pi = mH\I — A we have 

(4.28) (Pi^ T ,</? T ) = mH 1 \<^ T \ 2 - (A^ T , V T ) <2mH 1 \p\ 2 , 

because of the fact that 

\(Aip T ,(p T )\ < \A\\ip T \ 2 < mHtlcpl 2 . 

Note that (14.281) gives a better estimate than (I4.2ip for k = 1 when m > 4. In that 
case, making use of (14.281) we obtain 

1 r H 2 £ 2 £ 2 

-L x u > + 



ci#i Pi \<p\ m-l ^a 2 + /3 2 cos 2 %| 2 

H 2 a 2 /3 2 cos 2 6 + ^(3 4 cos 4 % I 
> - sup — + 



Pi (a 2 + /3 2 cos 2 %| 2 ) 3 / 2 
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on M, instead of ( ET22]) . It follows from ( ET23]) that 

a 2 /3 2 cos 2 fl + ^/3W%| 2 cos^ r— — _ 3_ 2 
(a 2 + /3 2 cos 2 %| 2 ) 3 / 2 " a V Pl rn J 



on fl . Choose f3 e (0, 1) to maximize £ 2 a/1 — f? 2 (l — ^Q 2 )- That is, 

a 2 



4 + m — ^(4 + m) 2 -40m/3 



10 

and 



5 m = /3 2 v^^(l - -/3 2 ). 

m 



Then, 



1 cos 2 — 

(4.29) L lU > (B m - A) > on ft . 

ci-f/i a 

The proof then finishes as in Theorem 14.31 □ 

For the case k > 2 there is an inequality corresponding to the first one in (14. 26 j) . 
given by 

sup k+ j/W^ > sup (Zg*) . 

However, to guarantee its validity ones needs to assume the existence of an elliptic 
point (see jl] for details). 

5. An application to PDE's 

We give a typical application of Theorem A to PDE's in the following comparison 
theorem. Towards this end let us introduce the next definition: A function / : M + — > 
M + is said to be (^-increasing if for every £ > 1 and for every closed interval I C K + 
there exists A = A((, I) > such that 

(5.1) JW~ 1 + A 

for every t G I. Note that this implies that tf(t) is strictly increasing on R + . Typical 
examples of (^-increasing functions are f(t) = t°"log a (l + t) with a > l,a > 0, 
f(t) = t a e at with a > 0, a > 0, and so on. 
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Theorem 5.1. Let a(x),b(x) G C°(M) and f £ C 1 (R + ) be a (-increasing function. 
Assume that 

(5.2) i) b(x) > on M and ii) sup ^— < +oo, 

M 

where, as usual, a_ denotes the negative part of a. For L = Lt,x as in our previous 
notation, let u, v 6 C 2 (M) be non-negative solutions of 

(5.3) Lu + a(x)u — b(x)uf(u) >0>Lv + a(x)v — b(x)vf(v) 
on M satisfying 

(5.4) t)v(x)>C 1 , ii)u{x)<C 2 

outside some compact set K C M for some positive constants C\,C<i. Then 

u(x) < v(x) 

on M provided that the 1/b-weak maximum principle holds for L. 

As an immediate consequence, we have 

Corollary 5.2. In the assumption of Theorem \5.1\ the equation 

Lu + a(x)u — b(x)uf(u) = 

has at most one non-negative, non-trivial, bounded solution u with lim inf u(x) > 
0. 

Proof of Theorem \5.1\ We can assume that u ^ 0, otherwise, there is nothing to 
prove. Next, the differential inequality 

Lv + a(x)v — b(x)vf(v) < 

and f)5.4p i), together with the strong maximum principle (see the observation after 
the proof of Theorem 3.5 at page 35 of [H]), imply v > on M. This fact and (15.41) 
tells us that 

u 

(5.5) C = sup — 

M V 

satisfies 

< C < +oo. 
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If £ < 1 then u < v on M. Let us assume by contradiction that £ > 1 and define 

ip = u — (v 

Note that <p < on M and it is not hard to realize, using (15.41) and (I5.5p . that 



(5.6) 



sup (p — 0. 

M 



We now use (I5.3P and the linearity of L to compute 

(5.7) Lip > -a(x)<p + b(x) [uf(u) - (vf((v)} + b(x)(v [f((v) - f(v)} . 

Let 



[f(u)+uf(u)] (x) 



if u(x) = (v(x) 



h(x) = < 



u(x) 



[f(t)+tf(t)]dt if u{x) < (v(x). 



K u(x) - (v(x) J (v{x) 
Observe that h is continuous on M and non-negative, since 

(tf(t))' = f(t)+tf(t)>0 on R + . 

Furthermore, we can re- write (15. 7\\ in the form 

Lip > [-o(x) + b(x)h(x)} ip + b(x)(v [f((v) - /(«)] , 

and using — a(x)p > a^(x)(p we get 

(5.8) Lp > [a^x) + b(x)h(x)] ip + b(x)(v [f((v) - f(v)] , 
Let 

n_! = {x E M : v?(x) > -1}. 

On Q_i we have 

(5.9) v(x) = hu(x) - ip(x)) < he + 1) 

for some positive constant C, since u is bounded above on M . Using definition of h 
and the mean value theorem for integrals, we deduce 



h(x) = f(y) + yf(y) 
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for some y = y(x) G [u(x),^v(x)]. Since u(x) and v(x) are bounded above on Q_ 1 

(5.10) h(x) < C 

onfi_i for some constant C > 0. 

Next we recall that b(x) > on M to re- write (I5.8P in the form 



b(x 



-L<p > 



a-(x) 
b(x) 



+ h(x) 



V + [f((v)-f(v)} 



Since y? < 0, (Q h) and f lSTTOj) imply 

a_(x) 



V 5 > Cf 



for some appropriate constant C > on Thus 

1 



-L<p>C<p + Cv [/(C«) -/(«)] 



on Since / is (^-increasing, there exists A > such that 

C«[/(C«)-/(«)]>C^/(«) on fi_L 

Now we use the fact that w, and hence vf(v), is bounded from below by a positive 
constant to get 



1 



■Lip > dp + B onQ_i, 



b{x 

for some positive constant B. Finally we choose < e < 1 sufficiently small such 
that 

Ctp > --B 
y 2 



on 



Therefore, 



tl-e = {x E M : (p(x) > -e} C 



1 1 

— -L^ > -B > on tt_ £ . 
b[x) 2 



Having assume the validity of the 1/6- weak maximum principle for the operator L 
on M, we immediately get a contradiction, proving that £ < 1. □ 
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6. A GLIMPSE AT THE NON-LINEAR CASE 



In this section we will introduce an extension of Theorems A and B to the non- 
linear case. Since solutions of PDE's involving the type of operators we shall consider 
are not, in general, even for constant coefficients, of class C 2 , it will be more appro- 
priate to work, from the very beginning, in the weak setting. Think for instance of 
the p-Laplace operator with p ^ 2, p > 1. 

We let A : M + — >WL and we define ip{t) = tA(t). The next assumptions will be 
crucial to apply Theorems 5.3 and 5.6 of [27] and shall therefore be assumed all over 
this section: 

(Al) A e C\R + ). 

(A2) i) tff(t) > on R + , ii) (p(t)->0 as t->0 + . 

(A3) (p(t) < Ct 5 on (0, u) for some u, C, 5 > 0. 

(Tl) T is a positive definite, symmetric, 2-covariant tensor field on M. 

(T2) For every x G M and for every £ € T X M, £ 7^ 0, the bilinear form 



is symmetric and positive definite. Here © denotes the symmetric tensor 
product 

Note that the above requirements are not mutually independent. Indeed the bilinear 
form in (T2) is automatically symmetric when T does. Furthermore, if write it in 
terms of (p, that is, for every x G M and for every £, v G T X M, £, v ^ 0, 



A'(\C\) 



(e,-)0m-)+A(iei)r( v ) 




In particular, the choice v 



£ shows that 



(p\t) > on R + , 
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that is, requirement i) in (A2). Request (T2) is in fact equivalent to i) in (A2) 
in case T — t(x){, } is a "pointwise conformal" deformation of the metric for some 
smooth function t(x) > on M. Indeed, in this case (T2) reduces to 

+ ^pr*(*) (m 2 i^i 2 - <^> 2 ) > ° 

for every x G M and for every ^,t)6 T X M, £, v ^ 0. 

Having fixed a vector field X on M, we define the following operator L = La,t.x 
acting on C l (M): 

Lu = div (A(\Vu\)T(Vu, •)*) - (X, Vu) 

for each u G C 1 (M), where " : T* M^tTM denotes the musical isomorphism. Of 
course, the above operator L has to be understood in the appropriate weak sense. 

Observe that sometimes we shall refer to u, C and 5 in (A3) as to the structure 
constants of the operator L. 

L gives rise to various familiar operators. For instance, choosing T = (, ) and 
X = we have 

1. For tp(t) = t p -\ p > 1, 

Lu = div (\Vu\ p - 2 Vu) 

is the usual p-Laplacian. Note that for the structural constants we have 
C — 1, S — p — 1 and uj = +oo. Of course the case p = 2 yields the usual 
Laplace-Beltrami operator. 



2. For (p(t) =tj y \ + t 2 the operator 

Lu = div 




is the usual mean curvature operator. Here C = 1, 8 = 1 and w = +oo. 
And so on. 

We let, as in the linear case, q(x) G C°(M), q(x) > 0, be such that, for some 
compact K C M, q(x) > on M \ K. However, since our setting now is that of 
solutions in the weak sense, for technical reasons (see for instance (16. 3p in the proof 
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of Theorem A" below) we need the local integrability of 1/q also inside K. Thus, 
from now on we suppose 

(Q) - G L} oc {M). 

Q 

This fact was also pointed out in Remark 13.11 of the linear case whenever we deal 
with functions u on M which are merely of class C l . 

Next, we introduce the following Khas'minskh type condition. 

Definition 6.1. We say that the (q-SK) condition holds if there exists a telescoping 
exhaustion of relatively compact open sets {Sj} JgN such that if C Sj, Sj C 
for every j and, for any pair f2i = £j 1; Q2 = Sj 2 , with j\ < j'2, and for each e > 0, 
there exists 7 G C°(M \fl 1 )n C X [M \ fli) with the following properties: 

i) 7 = on dQx, 

ii) 7 > on M\fii, 

iii) 7 < £ on Q 2 \ 

iv) 7(2;)— > + 00 when x— >oo, 

v) q(x)L~i < £ on M\Hi. 

Since property v) has to be intended in the weak sense we mean that 

£ 

L7 < — — — weakly onM\Oi, 
q(x) 

that is, for all 1J) e C^(M \ Hi), ip > 0, 

( A(\ v 7 |)r(V7, W>) + (x, v 7 )^ + -A > 0. 

M\f2i V Q J 

Of course we expect the (q-SK) condition in Definition 16.11 to be equivalent in the 
linear case to the weak form of (jTJ) of Theorem A, which obviously reads as follows: 



Definition 6.2. We say that the (q-KL) condition holds if there exist a compact 
set H D K and a function 7 G C X {M) with the following properties: 

j) 7(2;)— > + 00 when x— >oo, 

jj) g(x)L7 < B on M \ H for some constant B, in the weak sense. 
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Obviously, the (q-SK) condition implies the (q-KL) condition simply by choosing 
H = Q2, setting 7 = 7 on M\Q,2 and extending it on Q2 to be of class C l on M. We 
shall prove the equivalence of the two conditions in the linear case after the proof of 
Theorem A". The point is that in the form (q-SK) the Khas'minskh type condition 
is not only sufficient for the validity of the g-weak maximum principle but indeed 
equivalent in many cases (see [21] )• For a certain class of operators this happens 
also in the non-linear shown in [7] (in preparation). 

Before stating Theorem A" we recall that for an operator L, a function q(x) > 
on an open set Q C M and u E C l (Q) the inequality 

iitf{q(x)Lu(x)} < 



- / {A{\Vu\)T{Vu,Vip) + (X,Vw)V) < / -ip 



holds in the weak sense if for each e > 

V) + (A,Vn)^)< 

la <? 

for each e C^{Q), ip > 0. 

We are now ready to state the non-linear version of Theorem A. 

Theorem A". Let (M, (,)) be a Riemannian manifold and let L be as above. Let 
q(x) G C°(M), q{x) > ; and suppose that q(x) > outside some compact set 
K C M and 1/q E L} oc (M). Assume the validity of (q-SK). If u E C X (M) and 
u* = sup A/ u < +00 then for each 77 > 

(6.1) mf{q(x)Lu(x)} < 
holds in the weak sense, where 

(6.2) A n = {x E M : u{x) > u* - 77}. 

Proof. We argue by contradiction and we suppose that for some rj > there exists 
Eo > such that 

Lu > £ ° 



q(x) 

holds weakly on A v , that is, for each ip E C^(A V ), ip > 0, 
(6.3) J (A(\Vu\)T(Vu,V'ip) + {X,Vu}'ip + j'ip ) < 0. 
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Note that since in general A v <f_ M \ K it is here essential assumption (|Q|). 

First we observe that u* cannot be attained at any point xq 6 M. Otherwise 
x G A v and, because of (16. 3p . on the open set A v it holds weakly 

(6.4) Lu > 0. 

Since, in our assumptions, the strong maximum principle given in Theorem 5.6 of 
[27] holds, we deduce that u = u* on the connected component of A v containing Xo, 
which contradicts 06.31) . 

Next we let Sj be the telescoping sequence of relatively compact open domains 
of condition (q-SK). Given u* — |, there exists such that 

1 
2 



Uj l = supu > u 



We set fl\ = and define 



Note that, since u* is not attained on M 

(6.5) u* - | < u\ < u*. 
We can therefore fix a so that 

(6.6) u\ < a < u*. 

Since a > u*, there exists S J2 with j 2 > ji such that, setting f2 2 = S J2 , M2 
sup^ 2 u = maxjj 2 m, we have 

Hi C fi 2 

and furthermore 

(6.7) u\ < a < u* 2 < u*. 
We fix fj > so small that 

(6.8) a + fj<u* 
and 

(6.9) fj < e . 
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We apply the (q-SK) condition with the choice e — fj and Qi and Q 2 as above to 
obtain the existence of 7 e C°(M \ fix) fl C X {M \ Qi) satisfying the properties listed 
in Definition 16.11 Construct 

(6.10) <t(x) = a + 7(V). 
Then 

(6.11) cr(x) = a on dfl\, 

(6.12) a < a(x) < a + fj on 2 \^i, 

(6.13) a(x) — >■ +00 as 1 -> 00, 
and, since Va = V7, La = L7 and by v) of Definition 16.11 

(6.14) q(x)La < f] in the weak sense on M \ Qi. 

Next, we consider the function u — a. Because of (16.111) and (16.61) . we have for 
every x G dfli 

(6.15) {u — cr)(x) = u(x) — a < u\ — a < 0. 

Since u\ = niaxQ 2 u and Cl 2 is compact, u\ is attained at some i 6 2 . Note that 
x ^ fli because otherwise 

it* > u{x) = u* 2) 
contradicting (16 .7p . Thus x eVt 2 \ Oj. By (16. 8p we have 

u(x) > a + 

Thus, by (16 . 12f) and (16. 8p . we have 

(6.16) (m — u)(x) = u* 2 — a{x) > u* 2 — a — fj > 0. 
Finally, because of (I6.13p . there exists £ > j 2 , such that 

(6.17) (u-a)(x) < on M\E/. 
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Because of (16.151) . (16.16!) and ( 16. 17ft the function u — a attains an absolute maxi- 
mum m > at a certain point 2o£^\OiCM\Oi. At z , and by ( 16. 6p and (I6.5p . 
we have 

u(z ) = a(z ) + m > a(z ) = a + 7(^0) > a > u\ > u* - -, 
an hence zq G A v . It follows that 

(6.18) E = {x E M\Q 1 : (u — a)(x) = m} C A v . 

Since A v is open there exists a neighborhood U~, of 5 contained in A v . Pick any 
y G H, fix (3 G (0,m) and call H^ )2/ the connected component of the set 

{x G M\Ox : (n-a)(s) > /?} 

containing Since /3 > 0, 

Efry cS < \fl 1 cM\0 1 , 

and we can also choose /3 sufficiently near to m so that C A,,. Furthermore, 
is compact. Because of (16.141) . (16. 9p and ( 16. 3p . on we have 

q(x)Lu(x) > £0 > q(x)Lj(x) 

in the weak sense. Furthermore, 

u(x) = cr(x) + f3 < cr(x) on dEp^. 

Hence by Theorem 5.3 of [27] . 

u(x) < a(x) on S^. 
This contradicts the fact that y G S^y, indeed, 

= + m > o-(y) 

since m > 0. This completes the proof of Theorem A". □ 

Suppose now that L is linear, that is, A(t) = 1 (and hence (p(t) = t). Once 
(Tl) is satisfied, assumptions (Al), (A2), (A3) and (T2) are also satisfied. Let 
q(x) G C°(M), q(x) > 0, be such that, for some compact K C M, q(x) > on 
M\K and 1/q G L\ oc (M). Observe that in this case the (q-KL) condition and the 



42 GUGLIELMO ALBANESE, LUIS J. ALIAS, AND MARCO RIGOLI 

linearity of L imply the (q-SK) condition. Indeed, fix a strictly increasing divergent 
sequence {7}} /*■ +00 and let 

Ej = {x G M : 7(0;) < 7}}. 

Obviously, each Ej is open and because of j) in (q-KL) condition one immediately 
verifies that Ej = {x G M : 7(2;) < 7}} is compact. For the same reason we 
can suppose to have chosen 7\ sufficiently large that K C H C Ei. Furthermore 
Ej C Ej + i and again by j) in (q-KL) condition {Ej} is a telescoping exhaustion. 
Consider any pair 

Q 1 = E h = {xeM : 7(x) < TjJ 

and 

Q 2 = S j2 = {x G M : 7 (x) < T j2 } 

with j 2 > ji, and choose e > 0. Let a G (0, cr ) and define 7 : M \ fix — >■ Rq by 
setting 

7 ( x ) = a(j( x ) -T h ). 

Then 

i) 7(2;) =0 for every x G dVL\, 

ii) 7(x) >Oifi6M\0 1 = {i6M: 7(0;) > T h }, 

iii) on f2 2 \ ^i = {x G M : 7^ < 7(2;) < Tj 2 } we have 7(2;) < cr(Tj 2 — Tj x ) and 
hence, up to have chosen a sufficiently small, 7(3;) < e on fi 2 \ ^i, 

iv) 7(2;)— > + 00 when x— >oo, because of j), and 

v) on M \ Qi and by linearity of L, 

q(x)L^ = q(x)L(a( ; y — 7}J) = q(x)aL ; y < aB < e 

because of jj) and up to have chosen <t sufficiently small. 

Remark 6.3. It is worth giving some examples where the (q-SK) condition is sat- 
isfied. For the sake of simplicity we limit ourselves to the case T = (, ) and X = 0. 
Let (M, (, )) be a complete, non-compact Riemannian manifold of dimension m > 2. 
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Let o G M be a fixed reference point, denote by r(x) the Riemannian distance from 
o and suppose that 

(6.19) Ric(Vr, Vr) > -(m - l)G(r) 2 

for some positive non-decreasing function G(r) G C°(K.q), G(r) > 0, with \jG £ 
L 1 (+oo). Similarly to what has been made in section H] and for the same ip defined 
there (see (14.4}) ). by the Laplacian comparison theorem we have 

ib' 

(6.20) Ar<(m-1)— (r) 

%b 

weakly on M for r > Rq > sufficiently large. 

Suppose now that the function q(x) G C°(M), q(x) > 0, satisfies 

(6.21) q(x) < G{r(x)) 

outside a compact set K C M, for some non-increasing continuous function O : 
M.q — > M + with the property that 

(6.22) Q(t) < BG 5 -\t) 

for i > 1 and some constant -B > (here S is as in (A3)). Note that if 8 > 1, (16.221) 
is automatically satisfied. 

Fix a > and R > R such that K C -Br, -Br being the geodesic ball of radius 
.R, and define the function 

(6.23) Xa(r)= if' 1 (ah(t)) dt, re[R,+oo), 

Jr 

where 

Jr ©0) 

Since <£> : -»■ [0, <£>(+oo)) = / C Kq increasingly, <p : I Rq". Therefore in order 
that Xo- be well defined when y9(+oo) < +oo, we need that for every i G [i?, +oo) 

(6.24) crh{t) G J. 
Towards this end we note that 

J.I e /o G(s)ds 

(6.25) Ut) = G {t) ~CG{t) as t -> +00. 
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Then 

for t 3> 1 and some C > 0. The assumption 

is therefore enough to guarantee that h(t) is bounded above. By choosing o suffi- 
ciently small, say < o < a , we obtain the validity of (I6.24p so that (I6.23P is well 
defined on [R,+oo). 

Define 7(2;) = Xa{ r i x )) f° r x E M \ Br and note that 

i) 7 = on dB R , 

ii) 7 > on M \ R^, 

Moreover, having fixed e > and a second geodesic ball B R with R > R, since 
tp~ l (t) — > as t — >■ + , up to choosing a > sufficiently small we also have Xo-(^) < £ 
if i? < r < i?, so that 

iii) 7<eonB;;\ Br, 

On the other hand, since 1/G ^ L 1 (+oo), to prove that 

iv) 7(2;)— )■ + 00 when x— >oo 
it suffices to show that 

^-\(rh(t))>-^- fort»l 

for some constant C > 0. Equivalently, that there exists a constant (7 > such that 

hit) 1 „ 
6.27 / ; r > - for t > 1. 

Without loss of generality we can suppose G(t) — > +00 as i — > +00. By the 
structural condition (A3) on (p we have 



G(t) ) - G(ty 
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SO that 

h(t) > A(t) 



with 



and 



Ait) = G(t) s f ^P^-ds 



R 



B(t) = CC 5 4> m -\t). 
Note that both A(t) and B(t) diverge to +00 as t — > +00. Hence, 

liminf — > liminf — ^-r. 

t^+oo B{t) ~ B'it) 

A computation that uses G' > 0, 9 > and (16.221) shows that 

m> m t>>1 

B'it)- BCC^m-l)^ >> ' 
and since ijj ; (t)/i/j(t) ~ G(t) as t — > +00, we can choose C > sufficiently small that 

lim inf — ^— > — , 

i^+oo B'it) ~ a 

proving the validity of (I6.27P 

Clearly, by definition, is non- decreasing and satisfies x^(t) = ¥ , ~ 1 ( cr ^(X))j 

that is, <p(x' a (t)) = &h(t). Therefore 

V7 = Xa( r ) Vr ? l v 7l = Xa( r ) and ^(|V7|) = crh(r). 

Since 

h'{t) = ^-{m-l)^{t)h{t), 
a computation using ( 16.2011 and (16. 2 1 II gives 

L 7 = div ( y ( |V T l) V 7 ) = div(a/i(r)Vr) = 0-/i'(r)|Vrf + ah(r)Ar 
V IV7I / 

o" , . „ / . . » "0' , A cr o" 

(6.28) = — — + (j/i(r) Ar-(m-l) — (r) <— — < 



6(r) \ ^ / @( r ) 

if r > .R. That is, 

v) g(x)L 7 <doiiI\^ 
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outside the cut locus and weakly on all of M \ B R as it can be easily proved. 

It is now clear how to satisfy the requirements of the (q-SK) condition in Defini- 
tion [6J] by choosing a telescoping exhaustion {B R+ j}j e ®. 

Remark 6.4. Here we introduce another example where the (q-SK) condition is 
satisfied with T = (, ) and arbitrary X. Let (M, (,)) be a complete, non-compact 
Riemannian manifold of dimension m > 2. Let o G M be a fixed reference point, 
denote by r(x) the Riemannian distance from o and suppose, as in the previous 
example, that 

(6.29) Ric(Vr, Vr) > -(m - l)G(r) 2 

for some positive non-decreasing function G(r) G C (Mq), G(r) > 0, with 1/G G" 
L 1 (+oo). We know that, for the same function ip, 

(6.30) Ar < (m - 1) — (r) < CG(r) 

weakly on M for r > Rq > sufficiently large and some C > 0. 
Suppose now that the function q(x) G C°(M), q(x) > 0, satisfies 

(6 - 31) q(x) - m^TTmi 

outside a compact set K C M. Fix a > and R> R such that K C B R being 
the geodesic ball of radius R centered at o, and define the function 

(6.32) = <r(r(z) - i?) for x G M \ 

Obviously, 

i) 7 = on dB R , 

ii) 7>0onM\% 

Moreover, having fixed e > and a second geodesic ball B R with /2 > R, up to 
choosing a > sufficiently small we also have 

iii) 7<£on5^\ B R , 

On the other hand, since M is complete 

iv) 7(2;)— > + 00 when x^-oo 
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Finally, a direct computation using (16.30p and ( 16.311) gives 



L~f = div ,' , V7 - (X, V7) = divO(cx) Vr) - a(X, Vr) 
V Vt| J 

(6.33) = <p(cr)Ar -<r(X,Vr) < <p(a)CG(r) + a\X\ 




(6.34) < £ (G(r) + \X\)<^- 



if r > R, up to choosing a > sufficiently small, since y?(cx) — > as cr — y + . That 
is. 

v) q(x)L-f <£onM\B^ 

outside the cut locus cut(o) and weakly on all of M\Br as it can be easily proved. It 
is now clear how to satisfy the requirements of the (q-SK) condition in Definition 16. II 
by choosing a telescoping exhaustion {B R+ j}j & ^. 

For the next result we introduce the following strengthening of the (q-SK) condi- 
tion. 

vi) |V7| < e on M\Qi. 

Theorem B". Let (M, (,)) be a Riemannian manifold and let L be as above. Let 
q(x) E C°(M), q(x) > satisfy (Q). Assume the validity of (q-SKV). If u G C\M) 
and u* = sup M u < +00 then for each r\ > 



holds in the weak sense, where 

B v = {x G M : u(x) > u* — 77 and \S7u{x)\ < r]}. 

Proof. First of all note that the validity of (q-SKV) implies, once we fix arbitrarily 
a pair fij C O2 , an £ > and a corresponding 7, that the metric is geodesically 
complete. Indeed, let <^ : [0, £) — > M be any divergent path parametrized by arc- 
length. Thus <j lies eventually outside any compact subset of M. From vi), | V7I < s 
outside the compact subset f^. We set h(t) = 7(?(t)) on [t ,£), where t has been 
chosen so that ^(t) ^ Cli for all t < t < £. Then, for every t G [to, t) we have 



(6.35) 



ini{q(x)Lu(x)} < 
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Since <? is divergent, then q(t) — > oo as t — > £~, so that h{t) — > +00 as t — )■ £~ 
because of iv). Therefore, letting t — )■ t~ in the inequality above, we conclude that 
i = +00. This shows that divergent paths in M have infinite length and in other 
words, that the metric is complete. 

Since the metric is complete, we can apply Ekeland quasi-minimum principle to 
deduce that B v 7^ and therefore that the infimum in (16.351) is meaningful. 

Now we proceed as in the proof of Theorem A" substituting, as in the linear case, 
the subset A v with the smaller open set B v . We need to show that the compact set 
S defined in (16 . 18[) satisfies H C B v . Because of (16.81) it is enough to prove that for 
every zeB, 

(6.36) |Vit(z)|<77. 

But z is a point of absolute maximum for (« — a) and z G M \ Oi, hence using vi) 
of (q-SKV), 

\Vu(z)\ = \Va(z)\ = IV7WI < e. 

thus S C B v and the rest of the proof is now exactly as at the end of Theorem A" . 
This finishes the proof of Theorem B" . □ 

Suppose now that L is linear; we have an analog condition (q-KL), that is, (q- 
KLV), adding 

jjj) IV7I < A on M \ H, for some constant A > 0. 
It is immediate to show that this condition and linearity of L imply (q-KSV). 
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